Abstract. Let f : Y → X be a proper morphism from a smooth variety onto a normal variety and d the relative dimension of the map. Suppose the preimage E of the singular locus of X is a divisor. We show that for any m > 0, modulo the torsion part, the higher direct image R d f * ω ⊗m Y (aE) is reflexive when a is large enough. In case f is a birational morphism, we give a criterion for when the direct image f * ω Y (aE) coincides with ω X .
Introduction
The motivation of the paper is from the following consideration. Let X be a normal proper variety over a field of characteristic zero, and µ : Y → X be a log resolution of singularities such that µ is isomorphic over the smooth locus of X. Let E be the full exceptional divisor of µ, which is reduced. There exists a non-decreasing sequence of coherent sheaves (cf. §2.2)
where ω X denotes the dualizing sheaf. Since ω X is coherent and X is a quasicompact, the sequence (1.1) stabilizes ultimately. In case X is smooth or has mild singularities, the limit object is just ω X . When X has at worst rational singularities, µ * ω Y ≃ ω X ; and when X has at worst Du Bois singularities, µ * ω Y (E) ≃ ω X . If X is in addition Cohen-Macaulay, these isomorphisms indeed characterize rational singularities due to G. Kempf and Du Bois singularities due to Kovács-Schwede-Smith [KSS10] respectively. In general, the sequence still stabilizes to ω X , which is probably known to the experts. Since we don't find a reference in the literature, we provide a proof in §3, cf. Theorem 3.1. The purpose of the paper is twofold. On the one hand, we introduce in Definition 4.1 an index for the singularities of X which measures how quickly the sequence (1.1) can stabilize to ω X for log resolutions. A criterion in Theorem 4.5 is given for when the direct images coincide with ω X . In case the log resolution µ in addition resolves the Jacobian ideal of X, we show in Corollary 4.9 that one can tell when (1.1) stabilizes in terms of Mather-Jacobian discrepancies. These results may be viewed as giving certain upper bounds for the index of singularities. Along the way, Theorem 4.8 is of independent interest, and we hope it can find other applications.
On the other, one alternative way to interpret that the direct images coincides with ω X when the twisting number a is sufficiently large is that these sheaves satisfy Serre's S 2 condition, and hence reflexive when a gets sufficiently large. In this point of view, we generalize Theorem 3.1 to Theorem 5.1 for arbitrary relative dimension. After proving m = 1 case, we obtain the result for pluri-forms by Viehweg's cyclic covering trick. It is worth to note that we do not assume X is Q-Gorenstein throughout the article.
Conventions: We work over an algebraically closed field of characteristic zero. By a variety, we mean a separated integral scheme of finite type over the base field. For a given coherent sheaf F , F /tor always denotes the quotient of F by its torsion subsheaf.
2. Preliminaries 2.1. S k conditions and reflexive sheaves. (cf. [Har80] ) Let X be a Noetherian scheme. Given a coherent sheaf F on X, we say F satisfies Serre's S k condition if depth m x F x ≥ min{k, dim O X,x } for any x ∈ X, where (O X,x , m x ) is the local ring of x. We will only need S 2 condition in this article. We denote the dual sheaf
. The sheaf F is called reflexive if the morphism is an isomorphism. When X is normal, a torsion free coherent sheaf F on X is reflexive if and only if it is S 2 .
We collect a few useful lemmas on depth that are needed in sequel.
Lemma 2.1. Let X be a Noetherian scheme. For any coherent sheaves F , G and invertible sheaf L . It hold that
Proof. These follow from local cohomology criterion for depth, see [Har67, Cor. 3 .10] and that
The following is a direct consequence of [Har80, Cor. 1.5]. X associated to log resolutions. Let X be a proper normal variety and ω X the dualizing sheaf. The singular locus X sing has codimension ≥ 2 in X. Let U = X\X sing be the smooth locus and j : U → X be the open immersion. Let f : Y → X be a log resolution of singularities such that f
X the double dual of ω ⊗n X . For any integer a ≥ 0 and an integral divisor E supported on the exceptional locus of f (it is possible that supp(E) is smaller than Exc( f )), there are natural morphisms
X , where the rightmost map is an isomorphism because ω X is isomorphism away from X sing , it follows that the natural map
X is injective. Therefore one has the increasing sequence
2.3. General case. This subsection roughly parallels §2.2. Let f : Y → X be a proper morphism from a smooth variety Y onto a normal variety X.
is a divisor, with reduced induced closed subscheme structure. As before, let U be the smooth locus of X and V = f −1 (U). Suppose that f has connected fibres, then by [Kol86a, Prop. 7.6] (Though it states for the projective case, one can reduce the statement to general case by compactification), it holds that
For a ≥ 0, we have a natural map
In general the sheaves R d f * (ω Y (aE)) have the torsion parts when a > 0. Modulo the torsion parts, we get
Direct images under birational morphisms
The following is probably known to the experts. The proof presented below is elementary and independent of the characteristic of the field. 
X for a ≫ 0. Given an integral domain A and a non unit 0 
If M is finitely generated, then M f is finitely generated over A f , but not finitely generated over A in general. The above lemma shows that any finitely generated A-submodule of M f is of the form M[
The next lemma shows that in case of injective morphisms, in order to lift a section, it is sufficient to lift it locally.
Lemma 3.3. Let ϕ : F → G be an injective morphism of sheaves of abelian groups on a topological space X. Given τ ∈ Γ(X, G ) and an open covering
which shows that local sections {σ α } glue together to σ ∈ Γ(X, F ). Since
Proof of Theorem 3.1. To ease notation, fix m, for any scheme S , put
S . We can assume X = specB is affine. The B-module N = H 0 (X, F X ) is a finitely generated and F X ≃Ñ. Due to the finiteness of N, it suffices to prove that for any n ∈ N, it holds that n ∈ H 0 (specB, f * F Y (aE)) for some sufficiently large a. Then for a ≫ 0,
Consider the sequence of sheaves on Y
It induces the commutative diagram of Abelian groups
where the column maps are isomorphisms. On the other hand, the natural morphism j • f : V → X yields the isomorphisms of abelian groups
So we are reduced to proving that if a ≫ 0, then τ :
To this end, take a finite, affine covering {W i } i∈I for Y. In view of Lemma 3.3, we shall show that for each i ∈ I,
Applying Lemma 3.2, we get the assertion.
As an application, we will give a necessary condition for the contractibility of a divisor on a smooth variety (more generally a Cartier divisor on a normal Gorenstein variety) to a normal variety by a proper birational morphism. The normality amounts to the condition: for any open subset U ⊂ X and a closed subset W ⊂ U with codim(W, U) ≥ 2, the restriction map
is surjective. By local cohomology, the restriction map
is surjective if and only if the map
In particular, by Theorem 3.1 and by taking U = X and W = X sing , we get the assertion. Proof. By passing to the normalization of X, we can assume that X is normal. Since f is a resolution of singularities of X, the assertion follows from Proposition 3.4.
Index of Singularities
In view of Theorem 3.1, it is natural to introduce Definition 4.1. Given a normal variety X, we define the index of X to be
where the minimum is taken over all log resolution of
Example 4.2. (Generalized affine cones) Let X be a smooth projective variety of dimension d and L an ample line bundle on X such that K X and L are linearly independent in NS (X) Q . Consider the section ring
Then the affine cone V = specR(X, L) is a normal algebraic variety (in case L is very ample, it is the normalization of the classical affine cone associated by the embedding determined by |L|). By our assumption, V is not Q-Gorenstein.
We have a birational morphism
For any integer a ≥ 0, p * ω V ′ (aE) differs from ω V at the vertex 0, which corresponds to the homogeneous maximal ideal of R(X, L).
is identified with L via the zero section of π : V ′ → X. Using the theorem of formal functions, we have
On the other hand by [HK11] ,
Therefore we see that 
In general, the index in Definition 4.1 is hard to compute, as it it computed over all log resolutions. The following proposition may be viewed as to give a lower bound on the index of X. 
Proof. We give the proof for m = 1, the proof for general case is similar. To begin with, we have the sequence
and to prove the inclusion statement, it suffices to show that (4.1)
To this end, note that I W · f * ω Y (kE) is torsion free, since it is the image of the natural map
, and hence a subsheaf of the torsion free sheaf f * ω Y (kE). So we just need to show that there exists a natural nonzero map
, then the injectivity of (4.1) follows.
We claim that there is a natural map ρ : 
Pushing it down to X, we get the following composition,
where the first arrow is natural by fibre product, cf. [Har77, Remark II. 9.3.1]. Thus we arrive the following commutative diagram with exact rows 0
Therefore im(α) is contained in ker(β), and hence the first vertical map exists. This finishes the proof.
In the remaining section, we focus on the direct images of twisted canonical sheaves. The following theorem gives a sufficient condition for when the direct image coincides with the dualizing sheaf, and hence may be viewed as giving an upper bounds on the index of X. 
. By assumption we have
and the composition is id I . Applying the functor RHom X ( , ω
Applying Grothendieck duality to the middle term and taking the −n cohomology yield
, whose composition is identity map.
By Claim (4.6) we have that Ext −n (I , ω
so the natural morphism f * ω Y (aE) → ω X is surjective and hence isomorphic.
By definition of I we have the following sequence
where T is a scheme with support equal to f (E); in particular, the codimension of T is at least two. Applying RHom X (·, ω
. By taking −nth cohomology, we have
. Note that the first and the last term of this exact sequence are zero since dim T ≤ n − 2. So we proved the claim.
If a log resolution f : Y → X resolves the Jacobian ideal Jac X of X, that is the extension Jac X · O Y is invertible, then the smallest a for such map such that f * ω Y (aE) ≃ ω X can be almost read off from Mather-Jacobian discrepancies, as shown below.
We first recall some basics about Mather-Jacobian discrepancies and multiplier ideals. The interested reader can refer to [EIM16] for details. Let X be a variety (not necessarily normal) of dimension n and Ω X be the Kähler differential. Let ν : X → X be the Nash blowup. As a closed subscheme of P(
n Ω X ) from its definition, X has a line bundle
where
is a sheaf of ideals on X, which is called a Mather-Jacobian multiplier ideal and denoted by J(X, O X ). We will need the following local vanishing 
for any i > 0.
Theorem 4.8. Let X be a normal variety and f : Y → X be a log resolution of
Proof. Consider the following sequence
where W is the subscheme of X determined by the multiplier ideal f * O Y (D) and i : W ֒→ X is the inclusion. Since W is supported on the singular locus of X and X is normal, the codimension of W is at least two. Applying RHom(·, ω
• X ) to the above sequence we get the distinguished triangle
• W , taking −nth cohomology yields the exact sequence
. . , where the first and the last cohomology sheaves are zero because dim W ≤ n − 2. So in particular,
To calculate this sheaf, we use Theorem 4.7 and Grothendieck duality
Thus taking −nth cohomology gives the isomorphism
). Then the statement follows from that 
Proof. Since f factors through the Nash blowup, one can write
where P and N are effective exceptional divisors without common components. By the assumption, we have aE − N ≥ 0, therefore
Pushing it down, we deduce that
by Theorem 4.8. This finishes the proof.
A generalization
In this section, we generalize Theorem 3.1 to arbitrary relative dimension. Proof. Note to begin with that we can always assume that the considered f has connected fibres thanks to Stein factorization and Lemma 2.3. We will do induction on the relative dimension d.
The ⊗m Z (a(E g + g −1 * (E))) X , thus we can assume X is projective for our purpose.
Step 2: We can assume there exists an effective f -exceptional divisor Step 3 (cyclic covering): By properly choosing such F in Step 2 and a sufficiently ample Cartier divisor L on X, we can assume further that Take an m-cyclic covering µ : Y → Y with Γ being the branch locus. We have that Y is smooth and
which implies that
